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ABSTRACT with simultaneous control amplitude and rate saturation. The

A direct adaptive nonlinear tracking control framework presence of control rate saturation may further exacerbate
for multivariable nonlinear uncertain systems with actuator the problem of control amplitude saturation. For example, in
amplitude and rate saturation constraints is developed. Toadvanced tactical fighter aircraft with high maneuverability
guarantee asymptotic stability of the closed-loop tracking requirements, pilot induced oscillations [7, 8] can cause ac-
error dynamics in the face of amplitude and rate saturation tuator amplitude and rate saturation in the control surfaces,
constraints, the adaptive control signal to a given referenceleading to catastrophic failures.

(governor or supervisor) system is modified to effectively ro- In this paper we develop a direct adaptive control frame-
bustify the error dynamics to the saturation constraints. An work for adaptive tracking of multivariable nonlinear uncer-
illustrative numerical example is provided to demonstrate the tain systems with amplitude and rate saturation constraints.

efficacy of the proposed approach. In particular, we extend the Lyapunov-based direct adaptive
control framework developed in [9] to guarantee asymptotic
1 INTRODUCTION stability of the closed-loop tracking system; that is, asymp-

In light of the increasingly complex and highly uncer- totic stability with respect to the closed-loop system states
tain nature of dynamical systems requiring controls, it is associated with the tracking error dynamics, in the face of
not surprising that reliable system models for many high actuator amplitude and rate saturation constraints. Specifi-
performance engineering applications are unavailable. Incally, a reference (governor or supervisor) dynamical system
the face of such high levels of system uncertainty, robust is constructed to address tracking and regulation by deriv-
controllers may unnecessarily sacrifice system performanceing adaptive update laws that guarantee that the error system
whereas adaptive controllers are clearly appropriate sincedynamics are asymptotically stable, and adaptive controller
they can tolerate far greater system uncertainty levels to im-gains are Lyapunov stable. In the case where the actuator
prove system performance. However, an implicit assump- amplitude and rate are limited, the adaptive control signal to
tion inherent in most adaptive control frameworks is that the the reference system is modified to effectively robustify the
adaptive control law is implemented without any regard to error dynamics to the saturation constraints, thus guarantee-
actuator amplitude and rate saturation constraints. Of courseing asymptotic stability of the error states.
any electromechanical control actuation device is subject to

amplitude and/or rate constraints leading to saturation non-, ApAPTIVE TRACKING FOR NONLINEAR UN-
linearities enforcing limitations on control amplitudes and CERTAIN SYSTEMS

control rates. As a consequence, actuator nonlinearities arise |- his section we consider the problem of characterizing
frequently in practice and can severely degrade closed-l00p,yahtive feedback tracking control laws for nonlinear uncer-

system performance, and in some cases drive the system 19, systems. Specifically, we consider the controlled non-
instability. These effects are even more pronounced for adap—”near uncertain systerg given by

tive controllers which continue to adapt when the feedback

loop has been severed due to the presence of actuator satura-

tion causing unstable controller modes to drift, which in turn X(t) = f(x(t))+Bu(t), x(0)=x, t>0, (1)
leads to severe windup effects.

The research literature on adaptive control with actua- Wherex(t) € R",t > 0, is the state vectoy(t) € R™,t >0, is
tor saturation effects is rather limited. Notable exceptions the controlinputf : R" — R", the matrixB € R™™is of the
include [1-6]. However, the results reported in [1-6] are form B = [Omx(n,m) BE]T, with Bs € R™™ full rank and
confined to linear plants with amplitude saturation. Many such that there existd € R™™ for which BsA is positive
practical applications involve nonlinear dynamical systems definite. The control inpui(-) in (1) is restricted to the class
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of admissible controlsuch that (1) has a unique solution
forward in time. Here, we assume thatesiredtrajectory
(command)q(t),t > 0, is given and the aim is to determine
the control inpuu(t), t > 0, so thatlim;_.« ||x(t) —xq(t)| =

0. To achieve this, we construct a reference systgmiven
by

X1(t) = AXa (1) +Brr (1), %1(0) =%15, t>0, (2)
where x1(t) € R", t > 0, is the reference state vector,
r(t) e R™ t > 0, is the reference input, amd} € R™" and

Br € R"™™Mare such that the paiAy, By) is stabilizable. Now,

we designu(t), t > 0, and a bounded piecewise-continuous
reference functiorr(t), t > 0, such thatlim;_. ||x(t) —
xr1(t)]] = 0 andlimy_.« [|X1(t) — Xq(t)|| = O, respectively, so
that lim¢_.« ||x(t) — xg(t)|| = 0. The following result pro-
vides a control architecture that achieves tracking error con-

vergence in the case where the dynamics in (1) are known.

The case wherg is unknown is addressed in Theorem 2.2.
For the statement of this result, define the tracking error
e(t) £ X(t) —xa(t),t > 0.

Theorem 2.1. Consider the nonlinear syste given by
(1) and the reference systeg given by (2). Assume there
exists gain matrice®* € R™S and ©f ¢ R™™, andF :
R" — RS such that

0= f(X)+BA®*F(X) —AX,  XeR" (3)
0 = BAG; —B;, xeR", 4)
hold. Furthermore, leK € R™" be given by
K=-R'8/P, 5)
where then x n positive definite matri® satisfies
0=ATP+PA —PBR,'B/P+Ry, (6)

and R; € R™" and R, € R™M are arbitrary positive-
definite matrices. Then the feedback control law

ut) = A (@d1(t) +OF (r(t)), t>0, (7)
where
@’i 2 [@* @;k /\TBT] € ]Rm><(m+n+s)7 (8)
b1(t) = [FT(x(t) eT(t)KT —%k}\eT(t)p]T € R™NS,

t>0, (9

with ky, > 0, guarantees that the zero solutieft) =0,t > 0,
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of the error dynamics given by

et) = (f(x(t)) +Bu(t)) — (Axra(t) + Brr (1)),

e(0) = X0 —Xr, = €, t >0, (10)

is globally asymptotically stable.

Proof. Using the feedback control law given by (7), (10) be-
comes

&(t) = f(x(t) +BAGIO(t) + BAOTT (1) — A ()

—Br(t), e0)=e, t>0 (11)
which, using (8) and (9), we can rewrite as
- _ * _} TpT
&(t) = ( A+ BAGTK — SKBAATBTP  et)
+ (f(x(t)) + BAO'F(x(t)) — Ax(t))
+(BAG; ~By)r(t), e(0)=ep, t>0. (12)
Now, using (3) and (4), it follows from (12) that
et) = (A +BK— %kAB/\/\TBTP)e(t),
e(0) =g, t>0. (13)
Now consider the Lyapunov function candidate
V(e)=€e'Pe (14)

whereP > 0 satisfies (6). Note tha¥ (0) = 0 and, since

P is positive definiteV(e) > 0 for all e # 0. Now, letting
e(t), t > O, denote the solution to (19), using (6), it follows
from (13) that the Lyapunov derivative along the closed-loop
system trajectories is given by

V(e(t)) = —€'(t)(Ri+K'RK +Ke)e(t) <0,

= (15)
whereKe £ kyPBAATBTP. Hence, the closed-loop system
given by (7) and (10) is Lyapunov stable. Furthermore, since
Ry + KTRK +Ke > 0, it follows from Theorem 4.4 of [10]

thattlingoe(t) = 0, which concludes this proof.

Theorem 2.1 provides sufficient conditions for charac-
terizing tracking controllers for a given nominal nonlinear
dynamical systeng;. In the next result we show how to con-
struct adaptive gain®(t) € R™S,t > 0, and©, (t) € R™™,

t > 0, for achieving tracking control in the face of system
uncertainty. For this result we dwtrequire explicit knowl-
edge of the gain matrice®* and©; ; all that is required is
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the existence 0®* and©®; such that the compatibility rela-
tions (3) and (4) hold.

Theorem 2.2. Consider the nonlinear systet given by
(1) and the reference systeg given by (2). Assume there
exists gain matrice®* € R™* and©®; € R™™, and func-
tion F : R" — RS, such that (3) and (4) hold. Furthermore,
let K € R™" be given by (5), wher® = [Py P, | > 0 sat-
isfies (6), withP, € R™(™™ P, ¢ R™™M, In addition, let
1 € RMn+s)x(mints) gndr,, € R™™ be positive definite,
and define®; £ [©* ©; ATBT| € R™(™1S " Then the
adaptive feedback control law

u(t) = A(G1()o(t) +Gra(t)r(t) ),

t>0, (16)

where@; (t) e R™ (M) t >0, and@;(t) € R™™, t >0,
are estimates 0®; and©y, respectively, with update laws

O1(t) = —PJe(t)p1(t)M 1, ©1(0) =
On(t) = —PJet)rT (1) 12, Or(0) =

©10,t>0, (17)

eI‘207 (18)

+21r (BA(O1(t) — 07T

+2eT (t)PB/\(Grz( )= OpR)r(t)

+2tr (BsA(Or2(t) — O 'O (1))

e’ (t)P(A +BK )(t)—eT<t)Kee(t)
e’ (t) (A +BK)TPe(t). (22)

RcHU)

Next, using (17), (18) and the fact tHaB = P,Bs, we obtain

V(e(t), @1(t),0n(t)) = —€" (t)(Re+ K RK + Ke)e(t)
+21r (BsA(O1(t) — ©7) (91(t)e" ()P + T 1101 (1))
+2tr (BAA(Or(t) — Op) (r(t)e” (P2 + T 51 Oh(1))),

= —e' (1) (R + KTRK + Ke)e(t),

t>0, (23)
hence, the results obtained in Theorem 2.1 are conserved,;
that is, the closed-loop system given by (10), (16)—(18) is
Lyapunov stable, and, @&, + KTRoK + Kg > 0, it follows
thattlim e(t)=0.

guarantees that the closed-loop system given by (10), (17)-Remark 2.1. Note that the conditions in Theorem 2.2 imply
(18), with control input (16), is Lyapunov stable, and the er- thate(t) — 0 ast — « and hence it follows from (17) and

ror e(t), t > 0, converges to zero asymptotically.

Proof. With u(t),t > 0, given by (16) it follows from (3) and
(4) that the error dynamiagt), t > 0, are given by

&t) = (A +BK— %kABA/\TBTP)e(t)

+BA(O1(t) — ©1) d1(t) +BA (Or2(t) — O r (1),
e(0) =e,t>0, (19)

Now consider the Lyapunov function candidate

V(€e,01,0) =e'Pe+tr (BsA(O1-0;)I 1 1(0] -617))
+tr (BA(O—0;)F (6] —6;T)), (20)

whereP > 0 satisfies (6)]; and Iy, are positive definite.
Note thatV(0,0;,0);) = 0 and, sinceP, 'y, I'r> and BsA\
are positive deflnltev(e, ©1,0r2) > 0for all (e,01,0y) #
(0,0;,0%). Now, lettinge(t), t > O, denote the solution to

(19), using (6), it follows that the Lyapunov derivative along

the closed-loop system trajectories is given by

V(e(t),01(t), Or(t)) = T (t)Pe(t) + &' (t) Pe(t)
+2tr (BA(O1(t) — O tel (1))
+2tr (BsA(©r2(t) — ©2)F rzlerz( ),
t>0, (21)
©1)d1(t)

= 2e" (t)PBA(O4(t) —
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(18) that®(t) — 0, ©;(t) — 0 ast — oo,

It is important to note that the adaptive law (16)—(18)
doesnot require explicit knowledge of the gain matric®$
and©®;. Furthermore, no specific knowledge of the structure
of the nonlinear ternf (x) or matrix B are required to apply
Theorem 2.2; all that is required is the existenc€ of) and
A\ such that the compatibility relations (3) and (4) hold for a
given reference syste.

3 DYNAMIC ADAPTIVE TRACKING FOR NONLIN-

EAR UNCERTAIN SYSTEMS

In this Section, we build upon the results of the Section 2
and construct an adaptive, dynamic controller for system (1),
with stability properties identical to that provided by Theo-
rem2.2.

The control input is now generated by a dynamic com-
pensator of the form
%e(0) =

t>0, (24)

(25)

Xc0,

wherex(t) € R™t > 0, is the compensator state, an(t) €

R™t > 0. The expression of(t),t > 0, leading to an appro-
priate control inpuu(t),t > O, can be obtained by building
upon the control law presented in the previous Section us-
ing various techniques. One such technique is backstepping
([11]). Treating the expression of the control law (7) as a
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desirable form ofi(t),t > 0, (also referred to as virtual com-
mand), expressions faw(t),t > 0, can be derived guaran-
teeing convergence aft),t > 0, to this desirable form and
accounting for the transient error; ultimately, the properties
stated in Theorem 2.1 and Theorem 2.2 are conserved.

To account for the compensator state, we modify the ref-

erence system (2) as follows,

X (t) T
t>0, (26)

where x:(t) = [x};(t) erz(t)]T;t > 0, with x1(t) € R",

Xr2(t) € RMt > 0, andt, € R™M is positive definite.

As mentioned above, the expressiorudf),t > 0, pro-
vided by (7) becomes a desirable form
Ug(t) = A(O701(t) +O5x2(t) ), t>0, (27)

with r(t),t > 0, in (7) being replaced by»(t),t > 0, to ac-
count for the modification to the reference system. With this
definition ofuy(t),t > 0, the error dynamics (10) becomes
&t) = (A +BK+Ke)e(t) +B(u(t) —uj(t)), e(0)=ey,
t>0, (28)

whereuj(t), t > 0, is such that fou(t) = uj(t), t > 0, we
can guarantee tha{t),t > O, converges to zero, as stated in
Theorem 2.1. Defining the erref;(t) = u(t) — uj(t),t > 0,

the remaining problem is to find the appropriate expres-
sion forw(t),t > 0, which we denotev'(t),t > 0, such that
€(t),t > 0, converges to zero.

orem 2.2, an®;(t) = [ @11(t) O12(t) | ,t >0, with ©14(t) €
Rmxs’ 912('[) c Rmmern’t >0,

Ga(t) = A~ PIe(t) (BT (O 11(t) + X0 Fr2xe2(1)

d'(:jE()((t(;)) (f(x(t))+Bu(t))

+012(t) { ;(AP]

+011(t)

&(1) + Or (1) (x2(t) ~ (1)) ),
t>0, (30)

with [y € RIMMS)(Men+s) m o, ¢ RMM 7y >0, T, > 0.
Note that the above expression can be rewritten as

Ug(t) = g(t) + h(t)O3da(t), t>0, (31)
where
dl;(xEt))
h(t) £ AOy(t) fé) , ©32£B[-AO" In],(32)
kP
d2(t) 2 [F(x(t)T u®)™]", t>0, (33)
and

o) 2A( — PIe(t) (BT (O 11(t) + X Fr2xez(t)
~O12(t) [KT —3k\P] (1)

+O(1)T  (x2(t) —1(1)) ) +h(OAX(),

t>0, (34)

Note that a number of constant parameters in (27) arewhich allows to isolate the unknown ter® in Ug(t),t > 0.

uncertain and will be estimated, with appropriate update laws

similar to those in Theorem 2.2. Ultimately, the expression
we desireu(t),t > 0, to track is
Ud(t) = A(O1(t)¢1(t) +Or2(H)xr2(t)),  t=0, (29)

where@(t) € R™ (™) 0, (t) € R™™t > 0, are esti-
mates of©; and©y, respectively.

Next, we build upon the results in Theorem 2.2, and
present a control algorithm providing the same stability
properties, but for a control input generated by (24)—(25).

Theorem 3.1. Consider the controlled nonlinear systepm
given by (1) and reference system (26). Assume there ex-
ist gain matrices®* € R™S and ©; ¢ R™™, and a func-

tion F : R" — RS, such that (3) and (4) hold. Further-

Backstepping techniques are classically plagued with a more, letk € R™" be given by (5), wher = [PLP2] >0,

well documented issue referred to as “explosion of terms”
([12]). As the derivation of the control law progresses

through the backstepping procedure, the expressions in- 1

volved in the derivations become increasingly expansive,
to an extent that the final expression of the control law
can become difficult to manage. More specifically, the ex-
pression ofw*(t), t > 0, will in our case include that of
Uq(t),t > 0, thatis, with update laws similar to that from The-
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with PL € R™(™M p, ¢ R™M satisfies (6), and define
©; 2 [0 0 ATBT| e R™(™N+9) @5 £ B[ —AO* Iyy] €
R™ (™S and@j 2 BT € R™™M. Consider the control input
u(t),t > 0, generated by (24)—(25), where

w(t) = g(t) +h(t)O2(t)d2(t) — 203(t)Pe(t) — Kyey(t),

t>0, (35)
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with h(t) € R™"t > 0, given by (33),9(t) € R™t > 0,
given by (34),02(t) £ [F(x®))T ut)T]", Ky € R™™ is
positive definite, an®;(t), ©3(t),t > 0, are estimates dd}
and©3, respectively. The tracking errors are defined as

e(t) = x(t) - eu(t) = u(t) —

X1(t), ug(t), t=>0,(36)

where

(t) A (O1()d1(t) + Or2(t)xr2(t)),
1) 2 [FT(x(t) €' (KT —3kneT(t)P],

t>0,(37)
(38)

with d1(t) € R™S t > 0, andOy(t), Or(t),t > 0, are es-

timates of®; and ©;, respectively. These estima@s(t) ¢
R™ M+ @, (t) € R™™, @p(t) € R™ (™) and@s(t) €
R™N t > 0, are obtained as follows

_Ol(t) = —PJe(t)d1 (), ©1(0) = O10, t > 0,39)
Or(t) = ~Ple(xp(l2,  O(0) =Opo,  (40)
O2(t) = —h(t)Teu(t)$2(t) T2, ©2(0) = Oz, (41)
Os(t) = ey(t)e (t)Prs, 93(0) = Ogo, (42)
where ] € R(m+n+s)><(m+n+s), M, € R™M 1, ¢

R(MS)*(MS) andl3 € R™", are positive definite.

Then, the control inputi(t),t > O, generated by (35),

Similarly, from (24), (25), (31) and (36),

—h(t)©392(t), eu(0) = ey, t > 0, (46)

which, using (35) an®; = BT, can be rewritten as

—2BTPe(t) — Kyey(t) +
+2(03— O3(t))Pe(t),

(t) = h(t)(©2(t) —

eu(0) =

03)b2(t)
e, t > 0.(47)

Now consider the Lyapunov function candidate

V(e &;,01,0,,03,0) =
1
e Pe+ Ee]eu +1r (BAA(©1— 1) H(0] —©77))
+Hr (02— ©3)M; (0] —03"))

+tr (03— 03)r31(0F — 057))
+r (BA(Or2 — O)T ;' (O~ ©77)) . (48)
where P > 0 satisfies (6). Note that

V(0,0,07,05,05,0;,) = 0 and, sinceP, 'y, Iy, T3, T2
and Bs/\ are positive definiteV (e,e,,01,02,03,0;2) > 0

for all (e,ey,01,0,,03,0r2) # (0,0,07,05,03,0;,). Now,
using (6), (39)—(42), and (36), it follows that the Lyapunov
derivative along the closed-loop system trajectories is given
by

guarantees that the closed-loop system given by (10), (39)- .

(42), with control input generated by (24)—(25) with (35), is
eu(t),t >0, converge to

Lyapunov stable, and the erroeét),
the origin, asymptotically.

Proof. From (36) and (37), we have

u(t) = A (G1(H)d1(t) + Or2(t)xr2(t)) +eu(t), t=0,(43)

which we expand, using (38), into

u(t) = A(O7F(x(t)) + O (xr2(t) + Ke(t)))

~ SKANTBTPelt) +A(@1(t) ~ O (1)
+A(Or2(t) — OF)Xr2(t) +eu(t), t > 0. (44)

Substituting (3), (4), and (44) in (10), we obtain

&(t) = (A + BK — kyAATBTP)e(t)
+BA(O1(t) — ©1)1(t) + BA(Or2(t) — O2)Xe2(t)
+Bay(t), e(0) =ep, t >0, (45)
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V(e(t),eu(t),01(t), O2(t),Os(t), Or2(t)) =
e’ (t)Pe(t) + eT(t)e() eu(t)Téu(t)
+2tr (BsA(O4(t) — O 105 (1))
+2tr (BsA(Or2(t) — ©; ) 2O5(1)

+2tr ((©2(t) — e;)rzlo;( )

+2tr ((@3(t) —@3)r5'04(1)) , t >0,
t)P(A +BrK)e(t) + ' (t) (Ar + BK) TPe(t)
eT(t)Kee( ) ( YKueu(t)
2tr (Bs\(© @1>( LTO1(t) + o1 ()e'(t)
+2tr (BsA( @rz 5) (T,Oh ()+xr2(t)
+2tr (( —-03) (rzleT( ) +b2(t)
+2tr ((©3(t) — %) (T3 0% (t) — Pe(t)e]
T(t)(R1+KTR2K+Ke) et) —

eT

_|_

(t)P2))

e’ (HPy))
el(Hhh(t)))
1))

el (t)Kueu(t

(
(
(92
((®a(t

—e )a (49)

hence, the closed-loop system given by (10), (46), (39)—(42)
is Lyapunov stable. Furthermore, sirRg+ KTRK 4 Kg >

0 and Ky > 0O, it follows from Theorem 4.4 of [10] that
t"ﬂl, e(t) =0, andtlimoaJ(t) =0.

Remark 3.1. Note that a parallel can be drawn between
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(24) and the actuator dynamics of a physical system. The +®r2(t)TF1sz(t)) +h(t)Ax(t), t > 0.(51)
form of (24) was chosen to be an integrator for simplicity, but

it can be readily modified to represent the actuator dynam- .

ics of a considered system. Hence, the presented (:1pproaci'}"‘°"ng (50), the reference inpuft
can allow to elegantly account for actuator dynamics in the as

control framework.

),t >0, can be expressed

r(t) = HH(s(t), u(t)), t>0,
= 1O, A H(au(t) + h(t)Oa(t) da(t) — 203(t) Pe(t)
4 ADAPTIVE TRACKING WITH ACTUATOR AMPLI- —Kuey(t) —u(t)). (52)

TUDE AND RATE SATURATION CONSTRAINTS

In this _sectlon'we extend the adaptive control framework The above expression relates the reference input to the time
presented in Section 3.to account for actuator amplitude andrate of change of the control input.
rate saturation constraints. Recall that Theorem 2.2 guaran- . ) )
tees convergence of the tracking ere¢t), t > 0, to a neigh- Negt, we assume that the controI_S|gnaI is amplitude and
borhood of zero; that is, the state vecigt), t > 0, con- rate limited so thafu; ()| < Umax and|Ui(t)| < Umax t > 0,
verges to a neighborhood of the reference state vegt(, i =1,...,m whereu(t) andti(t) denote theth component
t > 0. Furthermore, it is important to note that the compen- ©f “(t_) andu(t), respectively, andinax >0 andUmax >0
sator statev(t), t > 0, given by (35), depends on thefer- are given. For the statemgnt of our main r_esult the following
ence input (t), t > 0, throughx»(t),t > 0. Since for a fixed definitions are needed. Fbe {1,---,m} define
set of initial conditions there exists a one-to-one mapping be-
tween the reference inpuft), t > 0, and the reference state (Wi(0), G () 2 {O if Ui (t)] = Umaxandu;(t)u;(t) > 0,
Xr1(t),t > 0, it follows that the control signal in (16) guaran- AR 1 otherwise,
tees convergence of the stafe), t > 0, to a neighborhood of t>0, (53)
the reference state;(t), t > O, corresponding to the speci-
fied reference input(t), t > 0. Of course, the reference input ., .\ . A e Umax
r(t), t >0, should tge)chosen S0 as to guarantee asymptotic (u(®), u®) = mln{o(u. ®),u(®)), Ui (t)] }’ t=0.(4)
convergence to desiredstate vectokg(t), t > 0. However,
the choice of such a reference inp(t), t > 0, is not unique Note that fori € {1,---,m} andt =t; > 0, the function
since the reference state VECFQI(t), t > 0, can converge O'*(-, ) is such that the following properties hold:
to the desired state vectgy(t), t > 0, without matching its

transient behavior.

Next, we provide a framework wherein we construct a
family of reference inputs(t), t > O, with associated refer-
ence state vectorg; (t), t > 0, that guarantee that a given ref-

i) If |ui(t1)] = umax and ui(ty)ui(ts) > 0O, then
Ui (t1)o™ (ui(ty),ui(t1)) = 0.

erence state vector within this family converges to a desired ~ 2d |L:i ()| = Umax and ui(t)ti(t) < O, then
state vectokg(t), t > 0, in the face of actuator amplitude and Ui(t)o” (ui(ty), Gi(t)) = UmaSQN(Ui(ty)),  where
rate saturation constraints. o Sgnui = |G /. _ _ _

i) If no constraint is violated, then

From (24) and (25), it is clear thal(t),t > O, is ex-
plicitly depending orw(t),t > 0, which itself depends upon
the reference signalt),t > 0. More specifically, from (24),
(25), (34) and (35), Finally, we define the component decoupled diagonal

nonlinearity2(u, u) by

Ui (t)o™ (Ui (ty), Ui(tn)) = Gi(ty).

u(t) = H(s(t),r), t>0,
= gu(t) +h(t)O2(t)ha(t) — 205(t)Pe(t) — Kyey(t) Z(u(t), u(t)) = diaga” (ua(t), s (1)), 0" (Uz(t), a(t)), ..
—AOp ()T, (1), (50) ..., 0" (Um(t),um(t))], t>0.(55)

wheres(t) = (X(t), % (t),Or(t),©2(t),Os(t), &(t),eu(t)),t > Theorem 4.1. Consider the controlled nonlinear systepn

0,and given by (1) and reference system (26). Assume there exist
gain matrices®* € R™* and ©f € R™™, and a function
. n S
g1(t) 2 A( —PJe(t) (0] (1) 101(t) +XH(t) M r2xr2(t) F : R" — R?®, such that (3) and (4) hold. Furthermore, let
( 2&(t) (01 rZT 2()) K € R™" be given by (5), wher® > 0 satisfies (6). In
—O1(t) [Onws KT —3k\P] X (t) addition, for a given desired reference inpytt), t > 0, let
-6-
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the reference input(t), t > O, be given by

t>0, (56)
wheres(t) = (x(t), X% (t),Or(t),2(t),e(t),ey(t)),t > 0, and

U (t) £ H(s(t),rq(t)),t > 0. Then the adaptive feedback con-
trol law (35), with update laws (39)-(42) and reference input
r(t),t >0, provided by (56) guarantees

i) asymptotic convergence (d(t),ey(t)),t > 0, to the ori-
gin.
i) |ui(t)] <umaxforallt>0O0andi=1,...,m.
i) |ui(t)] <uUmaxforallt>0andi=1,...,m.

Proof. i) is a direct consequence of Theorem 3.1 wih),
t > 0, given by (56). To provd) andiii ) note that it follows
from (50), (52), and (56) that

G(t) = H(s(t), f(t)) = H(s(t), H(s(t), Z(u(t), u* (1)) u*(t)))
= Z(u(t), 0" (1)U (t), t>0, (57)

which impliesu; (t) = o™ (u; (t), U (t))us(t), i=1,---,m t >

0. Hence, if the control input;(t),t > 0, with a rate of
changeui(t), i =1,---,m, t > 0, does not violate the am-
plitude and rate saturation constraints, then it follows from
(54) thato™ (u; (1), G (t)) = 1 andd;(t) = Ui (t),i=1,---,m,

t > 0. Alternatively, if the pair(u;i(t), Ui (t)), i =1,---,m,

t > 0, violates one or more of the input amplitude and/or rate
constraints, then (53), (54), and (57) imply

i) Ui(t)=0forallt > 0if |ui(t)| = Umaxandu(t)u;(t) > O;
and
ii) U(t) = Umaxsgn(u(t)) forallt > Oif |G (t)] > Umaxand
[Ui (t)| < Umax OF if | (t)| > Umaxand|u;(t)| = Umax and
u(t)ui(t) <0;
which, for uj(0) < umax, guarantee thaf;(t)| < umax and
[Ui(t)] < Umaxforallt >0andi=1,---,m.

Remark 4.1. In accordance with (24)—(25), the value of

tracking properties are preserved. Of course, if there exists
a solution to the tracking problem wherein the input ampli-
tude and rate saturation constraints are not violated when the
tracking error is within certain bounds, then our approach is
guaranteed to work.

5 ILLUSTRATIVE NUMERICAL EXAMPLE

In this section we present a numerical example to
demonstrate the utility of the proposed direct adaptive con-
trol framework for adaptive stabilization in the face of ac-
tuator amplitude and rate saturation constraints. Note that a
tracking example is not provided due to lack of space, but
the presented approach is equally relevant to such problems.

Example 5.1. Consider the nonlinear dynamical system
representing a controlled rigid spacecraft given by

X(t) = —1p 2XIpx(t) + 1, 1u(t),  x(0) =Xxo, t >0, (58)
wherex = [xq, X, X3]" represents the angular velocities of
the spacecraft with respect to the body-fixed fraigme R3*3

is an unknown positive-definite inertia matrix of the space-
craft, u(t) = [ug, U, ug]" is a control vector with control in-
puts providing body-fixed torques about three mutually per-
pendicular axes defining the body-fixed frame of the space-

craft, andX denotes the skew-symmetric matrix
0 —X3 X2
X3 0 —x1].

xx O

X 2 (59)

Note that (58) can be written in state space form (1)
with f(x) = I, Xlpx and G(x) = I, %, Since f(x) is

a gquadratic function, we parameterizé(x) as f(x) =

O fre(X), where @y € R3*6 is an unknown matrix and
fu(X) = X2, X3, X3, X1X2, XoXa, XaXa]T.  Next, letF(x) =
X, £, Br = I3, G(X) = I3, K1 = Ip, andKz = [A;, —Oy],

u(t),t > 0, used extensively in the above proceedings, can SO that

be obtained from the value of the time derivative of the com-

pensator state(t),t > 0, or that ofw(t),t > 0, since, from
(24)—(25),u(t) = xc(t) = w(t),t > 0.

Note that it follows from Theorem 4.1 that if the de-
sired reference inputy(t), t > O, is such that the actuator

G(X)G(x)

1= I3l =13 =B,
f(x) +BKaF (x) =

f(X)+13[Ar, =B | F(X) = Arx,

and hence (3) and (4) hold. Now, it follows from Theorem

amplitude and/or rate saturation constraints are not violated,3.1 that the adaptive feedback controller (16) guarantees

thenr(t) =rq(t), t > 0, and hence(t), t > 0, converges to
a neighborhood o%q4(t), t > 0. Alternatively, if there exists

that e(t) — 0 ast — o when considering input amplitude
and rate saturation constraints. Specifically, here we choose

t =t* > 0 such that the desired reference input drives one or R1 = 0.53, R, = 0.1l3, and

more of the control inputs to the saturation boundary, then

r(t) # rq(t), t > t*. However, as long as the time interval
over which the control input remains saturated is finite, the

reference signal ultimately reverts to its desired value, and

-7-
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T 6 CONCLUSION
- 7\  __ Reference A direct adaptive nonlinear tracking control framework
- 0 ‘ ‘ ‘ Desired for multivariable nonlinear uncertain systems with actuator
amplitude and rate saturation constraints was developed. By
‘0-50 5 1'0 1'5 2'0 5 appropriately modifying the adaptive control signal to the
05 reference system dynamics, the proposed approach guaran-
: : : : tees asymptotic stability of the error system dynamics in the
% 0 k\\/,\ e — face of actuatqr amplitude and rate limitation constraints. F|
nally, a numerical example was presented to show the utility
05 . . . . of the proposed adaptive control scheme.
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